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Abstract Analytical solutions for the ﬂexural-gravity wave resistances due to a line source steadily
moving on the surface of an inﬁnitely deep ﬂuid are investigated within the framework of the linear po-
tential theory. The homogenous ﬂuid, covered by a thin elastic plate, is assumed to be incompressible
and inviscid, and the motion to be irrotational. The solution in integral form for the wave resistance
is obtained by means of the Fourier transform and the explicitly analytical solutions are derived with
the aid of the residue theorem. The dispersion relation shows that there is a minimal phase speed
cmin, a threshold for the existence of the wave resistance. No wave is generated when the moving
speed of the source V is less than cmin while the wave resistances ﬁrstly increase to their peak values
and then decrease when V  cmin. The eﬀects of the ﬂexural rigidity and the inertia of the plate are
studied. c© 2013 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1302202]
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Natural ﬂoating ice in the polar region1,2 and the
man-made very large ﬂoating structure (VLFS)3–5 in
the oﬀshore region are often used as a roadway and an
aircraft runway. The dynamic response of the ﬂoat-
ing structure to a moving body is of fundamental in-
terest for the operational safety. A simple, but useful
model for this problem is to idealize the ﬂoating ice or
VLFS as a thin elastic plate6 and the ocean as an in-
viscid incompressible ﬂuid. It has been demonstrated
that the theory of hydroelasticity, which is concerned
with the interaction among the elastic, inertial and hy-
drodynamic forces,7 provides helpful synergies between
the sea ice research and the VLFS study.6 For analyt-
ical purpose, a reasonable model for the impact of the
moving vehicles and aircrafts is a concentrated load,8–11
which is associated with the Dirac delta function.
The generation of ﬂexural-gravity waves due to
a concentrated load has been well studied in recent
decades with the aid of the Fourier integral trans-
form and the asymptotic approximation. A well-known
monograph by Squire et al.2 was devoted to the rich
topic of moving loads on thin plates. Davys et al.9 de-
rived the steady far-ﬁeld ﬂexural-gravity wave patterns
caused by a moving point load and found that the short
ﬂexural waves appear upstream while the long gravity
waves propagate downstream. The reason for this in-
teresting phenomenon is that the group velocity of the
ﬂexural waves generated, like the well-known capillary-
gravity waves, is larger than the moving velocity of the
object while that of the gravity waves is less. A fur-
ther study for the steady response was conducted by
Milinazzo et al.12 who considered a uniform rectangu-
lar load distribution and showed the qualitative agree-
ment between the theoretical and experimental results.
a)Corresponding author. Email: dqlu@shu.edu.cn.
For the unsteady cases, Schulkes and Sneyd8 investi-
gated the time-dependent dynamic response of an elas-
tic plate subjected to an impulsively started moving line
load and concluded that the deﬂections consist of an ul-
timate steady state and a transient one, the former be-
ing derived by the residue theorem while the latter by
the method of steepest descents. Lu and Dai10 studied
the transient ﬂexural-gravity waves due to an instanta-
neous point disturbance in a ﬂuid of inﬁnite depth and
the theoretical prediction showed that the short ﬂex-
ural waves ride on the long gravity waves. Recently,
Lu and Dai11 provided the uniform expressions for the
unsteady ﬂexural- and capillary-gravity waves due to in-
stantaneous and oscillatory line, point and ring sources.
It is known that the wave generation on an elastic
plate will lead to an increase of the drag force experi-
enced by the moving subject.3–5 Such a drag force is
also referred to, due to the wave mechanism, as the
wave resistance. According to Kim and Webster3 and
Kashiwagi,5 the qualitative and quantitative investiga-
tion on the drag force is of great importance from an en-
gineering viewpoint since it is related with the length of
runway needed and then the construction cost of VLFS.
The ﬂexural-gravity wave resistance, however, has not
been fully explored, which is of interest in the present
study.
We consider an inviscid, incompressible and homo-
geneous ﬂuid of inﬁnite depth, being covered by a thin
elastic plate of inﬁnite extent. As a starting point for
the analytical study, a two-dimensional problem is ad-
dressed here. The Cartesian coordinates oxz are chosen
in such a way that the z-axis points vertically upwards.
The ﬂuid occupies the domain (−∞ < x < ∞,−∞ <
z  0) with z = 0 being the undisturbed plate–ﬂuid
interface. Under the assumption that the motion is ir-
rotational, the velocity potential φ(x, z, t) for the ﬂuid
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satisfy the Laplace equation
∇2φ = 0, −∞ < z  0. (1)
For an inﬁnitely deep ﬂuid, we have
∂φ
∂z
= 0, z → −∞. (2)
Let ζ(x, t) represents the vertical plate deﬂection
subjected to a downward external load −Pext(x, t). It
is assumed that the wave amplitudes generated are
small in comparison with the wavelengths. Thus the
linearized boundary conditions will be applied on the
plate–ﬂuid interface (z = 0). The kinematic boundary
condition on z = 0 reads
∂ζ
∂t
=
∂φ
∂z
, (3)
which implies that there is no cavitation between the
plate and the ﬂuid and the ﬂuid particles once on the
interface will always remain there. The dynamic bound-
ary condition on z = 0 reads
D∇4ζ + ρed∂
2ζ
∂t2
= −ρ
(
∂φ
∂t
+ gζ
)
− Pext, (4)
where the ﬂexural rigidity of the plate D is determined
by the Young modulus E, the Poisson ratio ν and the
plate thickness d as D = Ed3/12(1− ν2); ρe and ρ de-
note the densities of the plate and the ﬂuid, respectively;
g is the acceleration due to gravity. Obviously, Eq. (4)
indicates the balance among the elastic, inertial, hydro-
dynamic forces and the downward external load.
To have a formal solution, we introduce the Fourier
transforms and the inverse Fourier transforms as
[φˆ(α, z, t), ζˆ(α, t), Pˆext(α, t)] =∫ ∞
−∞
[φ(x, z, t), ζ(x, t), Pext(x, t)]e
−ikxdx, (5)
[φ(x, z, t), ζ(x, t), Pext(x, t)] =
1
2π
∫ ∞
−∞
[φˆ(α, z, t), ζˆ(α, t), Pˆext(α, t)]e
iαxdα. (6)
Thus we obtain
∂2φˆ
∂z2
− k2φˆ = 0, −∞ < z  0, (7)
∂φˆ
∂z
= 0, z → −∞ (8)
for the ﬂuid domain and
∂φˆ
∂z
=
∂ζˆ
∂t
, (9)
Dk4ζˆ + ρed
∂2ζˆ
∂t2
+ ρ
∂φˆ
∂t
+ ρgζˆ = −Pˆext (10)
for the plate–ﬂuid interface (z = 0), where k = |α|.
Taking Eqs. (7) and (8) into account, we have
∂φˆ
∂z
= kφˆ, z = 0. (11)
A combination of Eqs. (9) and (11) yields
φˆ =
1
k
∂ζˆ
∂t
, z = 0. (12)
Substitution of Eq. (12) into Eq. (10) gives
ζˆtt + ω
2ζˆ = − Pˆextk
ρ(σk + 1)
, z = 0 (13)
where
ω2 = gk
(
γk4 + 1
σk + 1
)
, (14)
γ = D/ρg, (15)
σ = ρed/ρ. (16)
L = γ1/4 is usually considered as the characteristic ﬂex-
ural length while σ is the inertial parameter having the
dimension of length.13 Obviously, Eq. (14) is the dis-
persion relation between the frequency ω and the wave
number k for the ﬂexural wave motion on the elastic
plate ﬂoating on the invicid ﬂuid of inﬁnite depth.
In particular, we consider a concentrated line load
steadily moving along the positive x-axis with a con-
stant speed V and a constant magnitude of strength
P0, namely
Pext = P0 δ(x− V t), (17)
where δ(·) is the Dirac delta function. In this case
Eq. (13) reads
ζˆtt + ω
2ζˆ = −P0ke
−iαV t
ρ(σk + 1)
. (18)
Neglecting the transient eﬀect, we have the particular
solution of Eq. (18) for the ultimately steady-state plate
deﬂection as follows
ζˆ(k, t) = − P0ke
−iαV t
ρ(σk + 1)(ω2 − V 2k2) . (19)
According to the formula of wave resistance given
by Kim and Webster,3 the wave resistance R = −Rex
for a moving load can be given by
R = − 1
2π
∫ ∞
−∞
iαζˆPˆ ∗exdα, (20)
where Pˆ ∗(k, t) is the conjugate function of Pˆ (k, t) and
ex is the unit vector along the positive x-axis. It follows
from Eq. (19) that
R = − iP
2
0
2πρ
∫ ∞
−∞
1
(σk + 1)(c2 − V 2)dα, (21)
where
c =
ω
k
(22)
is the phase speed.
To perform the integral in Eq. (21), the residue the-
orem will be employed. One can see that the zero points
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Fig. 1. Phase speed c vs. k for the ﬂexural-gravity waves.
of the denominator of the integrand in Eq. (21) can es-
sentially be determined by
c2 − V 2 = 0. (23)
To have a graphical representation for the theoretical
results, we adopt hereinafter physical parameters given
by Squire et al.2 E = 5 × 109 N ·m−2, ν = 1/3, g =
9.8 m · s−2, ρe = 917 kg ·m−3, and ρ = 1024 kg ·m−3.
A graphical representation for Eq. (23) is given in Fig. 1,
from which one can ﬁnd that there is a minimum phase
speed cmin for a given d and the nature of the real roots
of Eq. (23) depends crucially on the relation between
V and cmin. cmin is usually referred to as the critical
speed.14 The critical wave number kc at which the min-
imum phase speed occurs satisﬁes
dc(kc)
dk
= 0, (24)
which can be solved numerically.
The existence of the minimal phase speed cmin for
the ﬂexural-gravity waves was also observed by Squire
et al.14 who performed the experiments on two very
diﬀerent types of ice, i.e. the lake ice of Femund in Nor-
way and the sea ice near Scott Base in the Antarctic.
As D tends to 0, the elastic plate reduces to an inertial
surface, for which the minimal phase speed disappears.
The pure gravity waves on an inertial surface were stud-
ied by Lu and Dai.13 As D tends to the inﬁnity, the
surface elasticity disappears and the cover is a rigid lid,
on which no wave can be generated.
According to Schulkes and Sneyd,8 the contribution
from the complex roots will be important only in the
vicinity of the concentrated source. To investigate the
characteristics of the far-ﬁeld wave resistance, we con-
sider the real roots only. When V < cmin, there is no
real root for Eq. (23) and thus no far-ﬁeld wave can be
generated in this case. Obviously, there are one real
root for V = cmin and two real roots for V > cmin. This
theoretical prediction is in agreement with the experi-
mental observation carried out by Squire et al.1,14
When V > cmin, the two real solutions, denoted by
kj , for Eq. (23) with respect to k can be exactly given
by
kj =
√
B
2
+
(−1)j
2
√
−B + 2v√
Bγ
+
2vσ
γ
, (25)
where
v = V 2/g, (26)
b = 27v2γ + 72vγσ − 2v3σ3, (27)
A = b+
√
b2 − 4(12γ + v2σ2)3, (28)
B =
1
3γ
[
A1/3
21/3
+ 2vσ +
21/3(12γ + v2σ2)
A1/3
]
, (29)
and j = 1, 2. Obviously, k1 and k2, with k1 < k2, are
predominantly associated with the wave numbers for
the long gravity waves and the short ﬂexural waves,
respectively. By the residue theorem developed by
Lighthill15 for the dispersive waves, the far-ﬁeld wave
resistance for V > cmin can be analytically given by
R =
P 20
ρ
2∑
j=1
kj
4gγk3j − V 2(1 + 2σkj)
, (30)
where kj is given in Eq. (25).
For a thin plate, one can see σ  1, which indicates
that the inertia of the thin plate is negligible in compar-
ison with that of the ﬂuid.4,8,16 Therefore a particular
case with σ = 0 is of interest. Then the root of Eq. (24)
with σ = 0 reads
kc = 1/(3
1/4L), (31)
and we have the corresponding minimal phase speed
cmin = 2(gL/3
3/4)1/2. (32)
Furthermore, the two real solutions of Eq. (23) with
σ = 0 for V > cmin can readily given by
kj =
√
Q
2
+
(−1)j
2
√
−Q+ 2v√
Qγ
, (33)
where
a =
[
9v2γ + (81v4γ2 − 768γ2)1/2
]1/3
, (34)
Q =
a
181/3γ
+
1281/3
31/3a
, (35)
and j = 1, 2. Accordingly, the wave resistance with
σ = 0 is
R =
P 20
ρ
2∑
j=1
kj
4gγk3j − V 2
, (36)
where kj is given in Eq. (33). One can check that
Eqs. (33) and (36) are the special cases of Eqs. (25)
and (30) with σ = 0, respectively.
Equation (30) shows the wave resistance as a func-
tion of the moving speed V and two parameters γ and
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Fig. 2. Non-dimensional wave resistance R/(P 20L
2 · D−1)
vs. V/cmin.
σ which are related to the ﬂexural rigidity and the iner-
tial eﬀect of the thin plate, respectively. Figure 2 shows
the non-dimensional ﬂexural-gravity wave resistances,
from which one can conclude that the wave resistances
increase with the presence of the plate inertia, and the
thickness of thin plate has a slight eﬀect on the resis-
tance when the plate inertia is neglected.
It can also been seen from Fig. 2 that the wave
resistance is zero when V < cmin and there is a dis-
continuity at V = cmin. As V increases from cmin,
the wave resistances ﬁrst reach up to their maximal
values and then decrease monotonously. This charac-
teristic is very similar to the recently found result for
the capillary-gravity wave resistance due to a steadily
moving object.17 The dynamical similarity between the
ﬂexural- and capillary-gravity waves was shown by Lu
and Dai.11 In this letter, we investigate, on the basis
of analytical deduction, the eﬀects of the ﬂexural rigid-
ity and the inertia of the plate on the ﬂexural-gravity
wave resistance, and conﬁrm the similar trend for the
ﬂexural- and capillary-gravity wave resistances.
As a starting point for the analytical study on the
ﬂexural-gravity wave resistance, we consider here a sim-
ple case with a line source moving on the surface of a
VLFS with an inﬁnite length. More complicated cases,
for example, a point source and a ﬁnite VLFS, will be
investigated in the future.
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